Abstract. In this paper we find the vertex connectivity of Deza graphs with parameters of the complements to Seidel graphs. In particular, we present an infinite family of strictly Deza graphs whose vertex connectivity is equal to k − 1, where k is the valency.
Introduction
It was proved in [3] that the vertex connectivity of a strongly regular is equal to its valency. In [2] , the similar result was obtained in general for distance-regular graphs. The vertex connectivity of a Cayley graph is at least 2(k + 1)/3, where k is its valency (see [6] ).
In [4, Theorem 3 .1], a construction of strictly Deza graphs was presented. This construction requires an existence of involutive automorphism of a strongly regular graph Γ that interchanges only non-adjacent vertices. In [5] , the vertex connectivity was studied for strictly Deza graphs obtained from the construction. It was proved (see [5, Theorem] ) that, if the graph Γ has the non-principal eigenvalues r > 2 or s = −2, then the vertex connectivity of a Deza graph obtained from the construction is equal to its valency, excepting the case of (3 × 3)-lattice, when the valency of the corresponding Deza graph is 4 and the vertex connectivity is 3. The case when the strongly regular graph Γ has the non-principal eigenvalue r ≤ 2 was remained open. In this paper we study the case when Γ has the non-principal eigenvalue r = 1.
Preliminary
We consider undirected graphs without loops and multiple edges. A k-regular graph Γ on v vertices is called strongly regular with parameters (n, k, λ, µ), if any two vertices x, y in Γ have λ common neighbours when x, y are adjacent and µ common neighbours is x, y are non-adjacent. For a vertex x in a graph Γ, the neighbourhood Γ(x) is the set of all neighbours of x in Γ.
Lemma 1 ([1], Theorem 1.3.1(i))
. Let Γ be a strongly regular graph with parameters (v, k, λ, µ), µ = 0, µ = k. Then the graph Γ has three distinct eigenvalues k, r, s, where k > r > 0 > s and the eigenvalues r, s satisfy the quadratic equation
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For a graph Γ, denote by Γ the complement to Γ.
. For a strongly regular graph Γ with parameters (v, k, λ, µ), the complement Γ is a strongly regular graph with parameters (n, n − k − 1, v − 2k + µ − 2, v − 2k + λ) and eigenvalues n − k − 1, −s − 1, −r − 1.
For any n ≥ 5, the triangular graph T (n) is the graph whose vertices are all 2-element subsets in {1, . . . , n}, where two vertices are adjacent whenever the intersection of the corresponding subsets has cardinality 1. For any n ≥ 3, the (n×n)-lattice graph L(n) is the graph whose vertices are all ordered pairs of elements from {1, . . . , n}, where two vertices are adjacent whenever the Hamming distance between the corresponding pairs is equal to 1. For any i ∈ {1, . . . , n}, the sets {(i, j) | j ∈ {1, . . . , n}} and {(j, i) | j ∈ {1, . . . , n}} are called the ith row and the ith column of L(n), respectively.
It is easy to show that T (n) is strongly regular with parameters (n(n−1)/2, 2(n− 2), (n − 2), 4). and L(n) is strongly regular with parameters (n 2 , 2(n − 1), n − 2, 2). A strongly regular graph with the eigenvalue s = −2 is called a Seidel graph.
Lemma 3. Let Γ be a strongly regular graph with the eigenvalue r = 1. Then Γ is the complement to a Seidel graph.
Proof. It follows immediately from Lemma 2.
A classification of Seidel graphs is given by the following lemma. 
In [7] , for the graphs L(n) and T (n), their ∆-automorphisms were found. For any i ∈ {1, . . . , ⌊n/2⌋}, let us take the first i pairs of rows in L(n) (the pairs of 1st and 2nd, 3rd and 4th, . . ., (2i − 1)th and (2i)th rows). Then the permutation that swaps rows in each of the i pairs is a ∆-automorphism of L(n). We call such a ∆-automorphism L(n) as i-automorphism. More precisely, the i-automorphism swaps the vertices (2j, z), (2j + 1, z) for all j ∈ {1, . . . , i} and z ∈ {1, . . . , n}. Note that there are exactly ⌊n/2⌋ non-equivalent i-automorphisms.
For any i ∈ {1, 2, . . . , n}, denote by C(i) the maximal clique of T (n) induced by the set of all 2-subsets that contain i. Note that for any distinct i, j ∈ {1, 2, . . . , n} the equality C(i) ∩ C(j) = {i, j} holds. The mapping that swaps the vertices {1, z} to {2, z}, for all z ∈ 3, 4, . . . , n, is a ∆-automorphism of T (n). We call this automorphism as {1, 2}-automorphism.
The vertex connectivity κ(Γ) of a graph Γ is the minimum number of vertices whose deletion from Γ disconnects it. Note that for a k-regular graph Γ the inequality κ(Γ) ≤ k holds. Let x and y be two vertices of a graph Γ. Two simple paths connecting x and y are called disjoint if they have no common vertices different from x and y. A set of vertices S disconnects x and y if x and y belong to different connected components of the graph obtained from Γ by deleting S. A set S of vertices of a graph Γ is called disconnecting if it disconnects some two of its vertices. The following lemma is known as Menger's theorem.
Lemma 9 ([9], Theorem 5.9). The minimum cardinality of a set disconnecting nonadjacent vertices x and y is equal to the largest number of disjoint paths connecting these vertices.
For a path from a vertex x to a vertex y, which goes consequently through m vertices x 1 , . . . , x m , m ≥ 0, we use the notation x ∼ x 1 ∼ . . . ∼ x m ∼ y. In the case when m = 0 we have the path x ∼ y of length 1, which is equivalent to the fact that the vertices x and y are adjacent.
In this paper we prove the following two theorems. In view of Lemma 8, there exists a unique ∆-automorphism of T (n), which is equivalent to the {1, 2}-automorphism. Denote by T (n) ′ the Deza graph obtained from T (n) with using Lemma 5 w.r.t the {1, 2}-automorphism.
Theorem 1. The vertex connectivity of T (n)
′ is equal to its valency.
In view of Lemma 7, any ∆-automorphism of L(n) is equivalent to an i-automorphism for some i ∈ {1, . . . , ⌊n/2⌋}. For any i ∈ {1, . . . , ⌊n/2⌋}, denote by L i (n) ′ the Deza graph obtained from L(n) with using Lemma 5 w.r.t an i-automorphism.
where k is its valency.
Proof of Theorem 1
By Lemma 2, the graph T (n) is strongly regular with parameters
Since, for any n > 5, the inequality (n 2 − 7n + 12)/2 > (n 2 − 9n + 20)/2 holds, the graph T (n) ′ is a strictly Deza graph with parameters
Our goal is to prove Theorem 1. By Lemma 9, it is enough to show that, for any two non-adjacent vertices in T (n) ′ , there exists (n 2 − 5n + 6)/2 disjoint paths connecting these vertices.
Through this section, we use the symbols a, b, c . . . to denote elements of the set {1, . . . , n}. Also, for a 2-element subset {a, b} in {1, . . . , n}, we use the shorter notation ab. Two vertices ab, cd are adjacent in T (n) whenever |{a, b} ∩ {c, d}| = 0 holds. The following lemma shows what is the adjacency rule for the graph T (n) ′ .
Lemma 10.
The following paths of length 1 occur in T (n) ′ .
(1) 12 ∼ ab, for all a, b ∈ {3, . . . , n}, a = b;
Proof. It follows from Lemma 6 and the definition of the {1, 2}-automorphism.
Now we divide all pairs of non-adjacent vertices in T (n) ′ into several equivalence classes w.r.t. the action of the {1, 2}-automorphism, and, using Lemma 10, present (n 2 − 5n + 6)/2 disjoint paths connecting the vertices in each pair.
(1) Two non-adjacent vertices are both fixed by the {1, 2}-automorphism. Then these vertices are presented by ab and bc, where a, b, c ∈ {3, . . . , n}. We have the (n − 3)(n − 4)/2 disjoint paths of the form 
which gives a total of (n 2 − 5n + 6)/2 disjoint paths.
(2) One of two non-adjacent vertices is fixed and another one is moved by the {1, 2}-automorphism. It is enough to consider the two cases:
(2.1) These two vertices are presented by ab and 1a, where a, b ∈ {3, . . . , n}, a = b. We have the (n − 4)(n − 5)/2 disjoint paths of the form which gives a total of (n 2 − 5n + 6)/2 disjoint paths. (2.2) These two vertices are presented by 12 and 1a, where a ∈ {3, . . . , n}. We have the (n − 3)(n − 4)/2 disjoint paths of the form 12 ∼ bc ∼ 1a, where b, c ∈ {3, . . . , n}, b = a, c = a, b.
Let π be a permutation of the set {3, . . . , n} \ {a} with no fixed points. Then we have the n − 3 disjoint paths of the form
This gives a total of (n 2 − 5n + 6)/2 disjoint paths. For the pairs ab, 2a and 12, 2a the arguments are similar.
(3) Two non-adjacent vertices are both moved by the {1, 2}-automorphism. It is enough to consider the following two cases.
(3.1) The two vertices are images of each other w.r.t. the {1, 2}-automorphism, which means that they are presented by 1a and 2a for some a ∈ {3, . . . , n}. We have the (n − 3)(n − 4)/2 disjoint paths of the form 1a ∼ bc ∼ 2a, where b, c ∈ {3, . . . , n}, b = a, c = a, b.
This gives a total of (n 2 − 5n + 6)/2 disjoint paths. (3.2) The two vertices are not images of each other w.r.t. the {1, 2}-automorphism, which means that they are presented by 1a and 2b for some a, b ∈ {3, . . . , n}, a = b. We have the (n − 4)(n − 5)/2 disjoint paths of the form 1a ∼ cd ∼ 2b, where c, d ∈ {3, . . . , n}, c = a, b, d = a, b, c.
Let us fix some d ∈ {3, . . . , n} such that d = a, b. We have the following three paths: This gives a total of (n 2 − 5n + 6)/2 disjoint paths. The theorem is proved.
Proof of Theorem 2
By Lemma 2, the graph L(n) is strongly regular with parameters
Since, for any n ≥ 3, the inequality (n − 1)(n − 2) > (n − 2) 2 holds, the graph L i (n) ′ is a strictly Deza graph with parameters
Our goal is to prove Theorem 2. Our approach is the following. Firstly we prove that, for any i ∈ {1, . . . , ⌊n/2⌋}, the graph L i (n)
′ has a disconnecting set of size n 2 −2n. After that, by Lemma 9, it is enough to show that, for any two non-adjacent vertices in L i (n) ′ , there exists n 2 − 2n disjoint paths connecting these vertices.
Lemma 11. For any j ∈ {1, . . . , i}, the following statements hold.
(1) The (2j − 1)th and (2j)th rows induce a pair of disjoint cliques in
Proof.
(1) It follows from definition of L(n), the fact that the i-automorphism swaps (2j − 1)th and (2j)th rows, and Lemma 6.
(2) It follows immediately from item (1).
Through this section, we use the symbols a, b, c . . . to denote elements of the set {1, . . . , n}. Also, for an ordered pair (a, b), where a, b ∈ {1, . . . , n}, we use the shorter notation ab. Two vertices ab, cd are adjacent in L(n) whenever a = c and b = d hold.
For any j ∈ {1, . . . , i}, put (2j − 1) ′ = 2j and (2j) ′ = 2j − 1. The following lemma shows what is the adjacency rule for the graph L i (n) ′ .
Lemma 12.
For any i ∈ {1, . . . , ⌊n/2⌋}, the following paths of length 1 occur in
Proof. It follows from Lemma 6 and the definition of the i-automorphism.
Now we divide all pairs of non-adjacent vertices in L i (n)
′ into several equivalence classes w.r.t. the action of the i-automorphism, and, using Lemma 12, present at least n 2 − 2n disjoint paths connecting the vertices in each pair. (1) Two non-adjacent vertices are both fixed by the i-automorphism. It is enough to consider the two cases.
(1.1) Two non-adjacent vertices are placed in the same column. Then these vertices are presented by ac and bc, where a, b ∈ {2i+1, . . . , n}, a = b, c ∈ {1, . . . , n}. We have the (n − 1)(n − 2) disjoint paths of the form ac ∼ de ∼ bc, where d, e ∈ {1, . . . , n}, d = a, b, e = c.
Let π be a permutation of the set {1, . . . , n} \ {c} with no fixed points. Then we have the n − 1 disjoint paths of the form
This gives a total of (n 2 − 2n + 1) disjoint paths. (1.2) Two non-adjacent vertices are placed in the same row. Then these vertices are presented by ab and ac, where a ∈ {2i + 1, . . . , n}, b, c ∈ {1, . . . , n}, b = c. We have the (n − 1)(n − 2) disjoint paths of the form ab ∼ de ∼ ac, where d, e ∈ {1, . . . , n}, d = a, e = b, c.
Let π be a permutation of the set {1, . . . , n} \ {a} with no fixed points. Then we have the n − 1 disjoint paths of the form
This gives a total of (n 2 − 2n + 1) disjoint paths.
(2) One of two non-adjacent vertices is fixed and another one is moved by the i-automorphism. Then they are placed in the same column, and presented by ac and bc, where a ∈ {1, . . . , 2i}, b ∈ {2i + 1, . . . , n}, c ∈ {1, . . . , n}. We have the (n − 1)(n − 2) disjoint paths of the form
(3) Two non-adjacent vertices are both moved by the i-automorphism. It is enough to consider the following cases.
(3.1) Two non-adjacent vertices are placed in rows that are images of each other w.r.t. the i-automorphism.
(3.1.1) Two non-adjacent vertices are placed in the same column. Then they are presented by ab and a ′ b, where a, a ′ ∈ {1, . . . , 2i}, b ∈ {1, . . . , n}. We have the (n − 1)(n − 2) disjoint paths of the form
Take an element e ∈ {1, . . . , n} \ {b}. Let
be a bijection. Then we have the n − 2 disjoint paths of the form
This gives a total of (n 2 − 2n) disjoint paths. This gives a total of (n 2 − 2n) disjoint paths. (3.2) Two non-adjacent vertices are placed in rows that are not images of each other w.r.t. the i-automorphism. Then they are placed in the same column, and presented by ac and bc, where a, b ∈ {1, . . . , 2i}, a ′ = b, c ∈ {1, . . . , n}. We have the (n − 1)(n − 2) disjoint paths of the form
This gives a total of (n 2 − 2n + 1) disjoint paths. The theorem is proved.
Concluding remarks
We have found the vertex connectivity of the strictly Deza graphs obtained from the complements to triangular and (n × n)-lattice graphs. Let us make some remarks on the other graphs given by Lemma 4. Since the complement to a complete multipartite graph K n×2 is a disjoint union of edges, we have nothing to prove. An exhaustive computer search shows that the complements to Shrikhande graph and one of three Chang graphs have no ∆-automorphisms; the complements to Schläfli graphs and two of three Chang graphs have a unique ∆-automorphism; the complement to Clebsh graph has precisely two non-equivalent ∆-automorphisms. For all strictly Deza graphs obtained from Lemma 5 w.r.t. these ∆-automorphisms, their vertex connectivity equals to the valency.
Strongly regular graphs with r = 2 were studied in [10] . There were presented three infinite families of possible parameter tuples for such graphs. For infinitely many of those parameter tuples an existence of a graph with such parameters is unknown.
Note that, for any even n, n ≥ 4, the graph L n 2 (n) ′ can be regarded as a Cayley graph of the group Z n × Z n , which gives an infinite family of Cayley-Deza graphs whose vertex connectivity is equal to k − 1, where k is the valency. In [8] , strictly Deza graphs with disconnected second neighbourhood of a vertex were studied. It was proved that if all second neighbourhoods of vertices in a strictly Deza graph ∆ are disconnected, then ∆ is either edge-regular or co-edge regular. Let us notice that the second neighbourhood of the vertex {1, 2} in the graph T (n) ′ , which is neither edge-regular nor co-edge-regular, is a disjoint union of two cliques induced by the sets {{1, j} | j ∈ {3, . . . , n}} and {{2, j} | j ∈ {3, . . . , n}}. Excepting the vertex {1, 2}, the second neighbourhoods of all vertices in T (n) ′ are connected.
